ABSTRACT. In this paper, a closed-form expression for counting all SAWs, irrespective of length, but restricted to the finite lattice strip {−a, . . . , 0, . . . , b} × {0, 1}, shall be obtained in terms of the non-negative integer parameters a and b. In addition, the argument used to prove this result will be extended to establish an enumerating formula for counting all SAWs, irrespective of length, but restricted to the half-finite lattice strip of width two {0, 1, . . . , n} × {0, 1, 2}, in terms of n.
length SAWs on the infinite lattice strip {0, 1} × Z of width one. If a n denotes the sequence just described and F n the nth Fibonacci number, then Zeilberger proved that a n = 8F n − ε n , where ε n = 4, when n > 1 is odd, and ε n = n, when n > 1 is even, while a 0 = 1 and a 1 = 3.
Zeilberger's approach was to show that all n length SAWs on the lattice strip could be decomposed into a finite sequence of specific pieces, whose individual generating functions were easily identified. By formally multiplying these generating functions, the generating function for the sequence a n could then be obtained, from which the above closed-form expression was extracted. A similar approach was also employed by Williams [8] to count all n length SAWs whose movements were restricted to upwards and sideways, but not down the infinite lattice strips {0, 1} × Z and {0, 1, 2} × Z of width one and two, respectively. It should be noted that Zeiberger's result was later proved by Benjamin [2] via a combinatorial argument not requiring the use of a generating function.
In this paper, we shall similarly employ a combinatorial argument that does not require the use of generating functions to establish two related but different results to those of Zeilberger and Williams. In particular, we shall prove that the total number of SAWs, regardless of length, restricted to the finite lattice strip {−a, . . . , 0, . . . , b} × {0, 1} of width one, where a and b are positive integers, is given by the following closed-form expression In addition, we shall prove that the total number of SAWs, regardless of length, restricted to the half-finite lattice strip {0, (1 + √ 2) n + 2 3 ⌋ for n ≥ 3, where ⌊·⌋ is the floor function. (Note that both enumerating functions w(a, b) and W n include, as part of their count, the empty walk, which consists of the single lattice point (0, 0)). The argument necessary for establishing equations (1.1) and (1.2) will first partition the SAWs into the sets of unfolded and folded walks. An unfolded walk is a SAW whose terminating lattice point is strictly "right-most,"
having a maximal x-coordinate, while a folded walk has a terminating lattice point which is not "right-most" [3] . Secondly, the argument in general will then relate the count of the folded walks to those of the unfolded walks by observing that any folded walk on either lattice strip can be decomposed into an unfolded walk connected to at most two lattice paths, whose total number can easily be determined. As shall be seen in Section 2, the counting of the unfolded walks on the lattice strip of width one will be straightforward; however, for the lattice strip of width two, this enumeration will be achieved in Section 3 by first exploiting a column state sequence representation for the unfolded walks, first introduced by Klein [4] . In particular, this representation will be used to construct a second order constant coefficient difference equation for the number of unfolded walks, from which the required closed-form expression shall be obtained. It should be noted that this approach is more direct than the related transfer-matrix method of [1, 4] , where a generating function can first be derived for the number of unfolded walks of a specific end to end length, for lattice strips of varying widths.
2. The finite lattice strip of width one. For completeness and to motivate the methodology of Section 3, here we present some recent results [5] in connection with the problem of counting all SAWs on a finite lattice strip of width one. We start with the definition of the unfolded and folded SAW, restricted to the half-finite lattice strip {0, 1, . . . , n} × {0, 1}. Definition 2.1. For an integer n ≥ 0, let H n denote the set of all SAWs restricted to the half-finite lattice strip {0, 1, . . . , n} × {0, 1}. Suppose that w is a SAW in H n , which terminates on the line x = i, for 0 ≤ i ≤ n, and let S i = {w ∈ H n : w only traverses (l, j) with j ∈ {0, 1} and 0 ≤ l ≤ i}, S ′ i = {w ∈ H n : w traverses at least one (l, j) with j ∈ {0, 1} and l > i}.
Then,
are the set of unfolded and folded SAWs, respectively, restricted to the half-finite lattice strip.
Examples of folded and unfolded SAWs, restricted to the half-finite lattice strip {0, 1, . . . , 7} × {0, 1}, may be seen in Figure 1 (a) and (b) , respectively.
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Lemma 2.2. For an integer n ≥ 0, the total number of SAWs restricted to the half-finite lattice strip {0, 1, . . . , n} × {0, 1}, including the empty walk, is given by
Proof. For all integers n ≥ 0 and 0
In order to determine s i , observe that any unfolded walk in H n which terminates on the line x = i is uniquely characterized by the placement of its vertical steps, that is, at every line x = j, with 0 ≤ j ≤ i, it may be decided whether or not to put a vertical step; thus, s i = 2 i+1 .
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i . We note that the previous equality also holds for i = n, since s
It is now a simple task to count all the SAWs restricted to the half-finite lattice strip. Since H n = S(n) ∪ S ′ (n) with S(n) ∩ S ′ (n) = ∅, we readily deduce that 
3. The half-finite lattice strip of width two. In what follows, let H n denote the set of all SAWs restricted to the half-finite lattice strip of width two, namely, {0, 1, . . . , n} × {0, 1, 2}. In this section, we shall extend the combinatorial argument of Section 2 to establish a closed-form expression for |H n | in terms of n. Again, all SAWs in H n shall be partitioned into the set of unfolded and folded walks, and the count of the folded walks will be related to those of the unfolded walks via an analogous geometric decomposition to that used in the proof of Lemma 2.2. We begin with the enumeration of the unfolded and folded walks in H n .
3.1. Counting the unfolded SAWs in H n . Let s i now denote the number of unfolded walks in H n , which terminate on the line x = i. Unlike the lattice strip of width one, the determination of a closed-form expression for s i will now require a more elaborate argument, which shall make use of the fact that any unfolded walk in H n can be uniquely constructed from a sequence of column states [4] . In particular, five column states are sufficient to construct any unfolded walk. As an example, . . . . . (9, 0) . . Figure 4 . It should be noted that, in Figure 3 , the first two columns are occupied by S 4 since the top two horizontal edges in these columns are connected through a left most looped segment of the SAW, while, similarly, columns four and five are occupied by S 5 since the bottom two horizontal edges are connected through a left most looped segment of the SAW.
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. . Specifically, the argument used to determine s n will first partition the unfolded walks according to whether their nth column is occupied with the two S shaped column states S 4 and S 5 or the remaining column states S 1 , S 2 and S 3 . From this partition, a second order difference equation for s i can then be derived, leading to the closedform expression in (3.1).
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Lemma 3.1. For an integer 0 ≤ i ≤ n, the total number of unfolded walks in H n terminating on the line x = i is given by (3.1)
Proof. Suppose that w is a SAW in H n which terminates on the line x = i, for 0 ≤ i ≤ n, and S i = {w ∈ H n : w only traverses (l, j) with j ∈ {0, 1, 2} and 0 ≤ l ≤ i}.
Then, s i = |S i |. We shall first establish a difference equation for s i . Toward this end, it will be necessary to introduce the following auxiliary sets A i = {w ∈ S i : w terminates at (i, 0)},
Clearly, A i , B i and C i partition the set S i , and thus,
With reference to Figure 5 , observe that the only way a walk in B i , for i ≥ 1, can be formed is to concatenate a SAW in C i−1 , B i−1 and A i−1 to the column state S 3 , S 2 and S 1 shown, respectively. Consequently,
. . In what follows, we shall assume that i ≥ 3. Now, the set A i can further be partitioned into two subsets, one containing those SAWs whose ith column state is chosen from the set {S 1 , S 2 , S 3 }, and the other whose ith column state is S 5 . In particular, for the former subset, observe from Figure 6 (a) that all such walks can only be formed by concatenating a SAW in A i−1 , B i−1 and C i−1 to the column state S 1 , S 2 and S 3 , respectively. For the latter subset, observe from Figure  6 (b) that all such walks can only be formed by concatenating, for each j = 2, . . . , i, a SAW in C i−j to the final column state sequence {S 3 , S 5 , . . . , S 5 } of length j, consisting of j − 1 repartitions of S 5 . Consequently,
(b)
. . Finally, the set C i can, in like manner, now be partitioned into three subsets as follows: the first subset contains those SAWs whose ith column state is chosen from the set {S 1 , S 2 , S 3 }, where, in particular, with reference to Figure 
Recalling |B k | = s k−1 , for k ≥ 1, and |A 0 | = |B 0 | = |C 0 | = 1, it may be found, upon combining equations (3.2), (3.3) and (3.4) that, for i ≥ 3,
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. . Consequently, the sequence term s i satisfies the difference equation
Since a manual count reveals that s 1 = 10 and s 2 = 33, it can easily be seen that the difference equation for s i also holds for i ≥ 2. Thus, by solving this difference equation, subject to the boundary conditions s 0 = 3, s 1 = 10, we finally obtain the closed-form expression given in equation (3.1).
Applying the identity
we readily deduce from equation (3.1) that the total number of unfolded walks in H n , including the empty walk, is given by
. . (0, 0) . . (9, 0) . .
. . (i, 0) . .
. . , respectively. In order to determine the cardinality of these sets in terms of s i and another auxiliary sequence, denoted (a n ) n≥0 , we shall need to exploit in Propositions 3.3 and 3.4 the following generic geometric decomposition, namely, that the folded walks can be decomposed into three segments, an initial unfolded walk connected to an intermediary, possibly disconnected lattice path, which is adjoined on the right by another self avoiding lattice path. As shall be seen, these right most adjoining paths can be uniquely constructed from one of either two sets containing three directed column states, depicted in Figure 9 (a) and (b). Moreover, their enumeration will be given in terms of the sequence (a n ) n≥0 , defined as the number of n length ternary strings over . . . (a) . . Suppose that a n denotes the number of ternary strings of length n ≥ 1, over the alphabet {0, 1, 2}, not containing the substrings 12 or 21. Then,
Moreover, if N i (n), where i ∈ {0, 1, 2} denotes the number of such length n ternary strings having an initial symbol i, then N 0 (n) = a n−1 while N 1 (n) = N 2 (n) = (a n − a n−1 )/2, formally noting that a 0 ≡ 1.
Proof. By definition, a n = N 0 (n)+N 1 (n)+N 2 (n). In order to obtain a recurrence relation for a n , initially assume that n ≥ 3. Observe that any ternary string enumerated by N 0 (n) can uniquely be written as 0x, where x is a ternary string of length n − 1 not containing the substrings 12 or 21, and thus, N 0 (n) = a n−1 . However, a ternary string enumerated by N 1 (n) can be uniquely written as either 1x or 1y, where x and y are ternary strings of length n−1 not containing the substrings 12 or 21 and beginning with the symbols 0 and 1, respectively. Thus,
. Consequently, for n ≥ 3, a n = a n−1 + (a n−2 + N 1 (n − 1)) + (N 0 (n − 1) + N 2 (n − 1)) = a n−1 + a n−2 + N 0 (n − 1) + N 1 (n − 1) + N 2 (n − 1) = 2a n−1 + a n−2 .
Upon solving the recurrence with a 1 = 3 and a 2 = 7, (3.6) is obtained, noting here that a 0 ≡ 1. By symmetry, it is clear that N 1 (n) = N 2 (n), for n ≥ 1. Consequently, again by definition, since a n = a n−1 + N 1 (n) + N 2 (n), it may finally be deduced that N 1 (n) = N 2 (n) = (a n − a n−1 )/2, for n ≥ 1.
We now determine |S
′ i,1 | in terms of the sequences (s i ) i≥0 , (a i ) i≥0 and (|B i |) i≥0 .
Proposition 3.3.
For an integer n ≥ 2 and 0 ≤ i ≤ n − 1, the total number of folded walks in H n , which terminate on the right of the line x = i, is given by
Proof. The set of folded walks S ′ i,1 can be partitioned into the following three sets
Before determining the cardinality of these sets, we shall need to derive an enumerating formula for the three types of right most adjoining self avoiding lattice paths, which depart and terminate along the line x = i, for 1 ≤ i ≤ n − 1, and turn on the line x = i + k, for 1 ≤ k ≤ n − i, as illustrated in Figure 10 We first note, as these paths can traverse in either a clockwise or anticlockwise direction, they can be uniquely constructed from one of the two sets of directed column states in Figure 9 , but with the restriction that the two pairs of column states labeled 1 and 2 or 1 ′ and 2 ′ cannot occur in succession. Consequently, from Lemma 3.2, we deduce that the total number of paths beginning with one and only one of the column states labeled 0 or 0 ′ pictured in Figure 10 (a), must be N 0 (k) = a k−1 . Similarly, from Lemma 3.2, the total number of paths beginning with one and only one of the column states labeled 2, 2 ′ or 1, 1 ′ , pictured in Figure 10 (b) and (c), respectively, must be
We now examine more closely the geometric decomposition of each SAW in S . . (i, 0) . .
. . (i, 2) . . (0, n) . . (b) . . (i, 1) . . (i, 2) . . (0, n) . .
. . (c) . . (i, 0) . . (0, n) . . (i, 1) . . have an initial directed column state labeled 0 or 1, as shown in Figure  11 (a). Consequently, as these paths turn on the line x = j for j = 1, . . . , n, it may be deduced, after recalling a 0 = 1, that
Similarly, the only walks in C ′ 0,1 are those right most adjoining self avoiding lattice paths, which have an initial directed column state labeled 0, 1 or 2, as shown in Figure 11 (b) . Consequently, since these . . . (a) . . . . (b) . . paths also turn on the line x = j for j = 1, . . . , n, it may be deduced after recalling a j = N 0 (j) + N 1 (j) + N 2 (j) that
and thus, |S
Next, we first examine the geometric decomposition of the SAWs in the sets A . . . . (i, 0) . . . . . . (i, 0) . . . . (b) . .
. . (i, 0) . . . .
. . (i, 0) . . 
Next, following the geometric decomposition shown in Figure 13 (a) and (b), we see that an analogous argument used to determine equation (3.8) will allow one to readily deduce that
. . (i, 2) . .
. . (i, 2) . . . . (i, 1) . . . . . . (i, 1) . . . . (b) . .
. . (i, 1) . . . .
. . (i, 1) . . column state labeled 0, 1 and 0 ′ , 2 ′ , respectively, it may be deduced, after recalling N 1 (j) = N 2 (j), that
) . Now, by adding equations (3.8), (3.9) and (3.10), one concludes, after recalling
We next determine |S ′ i,2 | in terms of the sequences (s i ) i≥0 and (a i ) i≥0 via the same geometric decomposition used in the proof of Proposition 3.3, except now all intermediary lattice paths will be disconnected and constructed from a sequence of column states chosen from the subset {S 1 , S 3 , S 4 , S 5 } of column states shown in Figure 4 .
Proposition 3.4.
For an integer n ≥ 3 and 1 ≤ i ≤ n − 1, the total number of folded walks in H n , which terminate on the left of the line x = i, is given by
Proof. As before, the set of folded walks S ′ i,2 can be partitioned into the following three sets: are those with an initial column state of S 4 , which are connected to a right most adjoining self avoiding lattice path having an initial directed column state labeled 0 and 1, respectively, as pictured in Figure 15 (a)  and (b) . Moreover, as both of these paths turn on the line x = j + 1 for j = 1, . . . , n − 1, it may be deduced that
and thus,
. . . (a) . . (0, 0) . . (1, 1) . . (b) . . (1, 2) . . . .
. . . . . (a) . .
. . (i, 2) . . (b) . . (i, 2) . . can only have an initial directed column state labeled 2 ′ , we deduce that
) .
Turning to the set C }, to a right most adjoining self avoiding lattice path that turn on the line x = i + j for j = 1, . . . , n − i. As these right most lattice paths can only have an initial directed column state labeled 1, we deduce that the cardinality of the first subset is
The second subset contains those SAWs consisting of an initial i term column state sequence
connected to a right most adjoining self avoiding lattice path that turn on the line x = i + j for j = 1, . . . , n − i. Again, as these right most lattice paths can only have an initial directed column state labeled 1, we deduce that the cardinality of the second subset is ∑ n−i j=1 N 1 (j) = (a n−i − 1)/2; consequently,
Finally, for the set B }, respectively, to a right most adjoining self avoiding lattice path that turn on the line x = i + j for j = 1, . . . , n − i. As these right most lattice paths can only have an initial directed column state labeled 0 and 0 ′ , respectively, we deduce that the sum of the cardinality of these . . .
. . (i, 1) . . two subsets is
The third subset contains those SAWs consisting of an initial i term column state sequence
connected to a right most adjoining self avoiding lattice path that turn on the line x = i + j for j = 1, . . . , n − i. Again, as these right most lattice paths can only have an initial directed column state labeled 0, we deduce that the cardinality of the third subset is
Now, by adding equations (3.12), (3.13) and (3.14), one concludes, when i > 2, after recalling
Note, by inspection, that the final equality holds for i = 2, as s 0 = 3 and
When n ≥ 3, we can combine the closed-form expressions of Propositions 3.3 and 3.4 into a single formula for counting all folded walks in H n , in terms of the sequences {s i } and {a i } as follows. If one first, for notational convenience, defines s −1 ≡ 1 and recalls |B 0 | = 1 with |B i−1 | = s i−2 for i ≥ 2, then the total number of folded walks which terminate on the right of their terminus lattice point can be given by
Similarly, the total number of folded walks which terminate on the left of their terminus lattice point can be given by
Consequently, by adding the two previous expressions, one finally concludes that, for n ≥ 3, the total number of folded walks in H n is given by
Final determination of W n .
Given that a closed-form expression for the total number of unfolded walks has been derived in subsection 3.1, that is, equation (3.5) , all that is required now is to determine a similar closed-form expression for the total number of folded walks calculated from equation (3.15) . In order to help achieve this, we shall first need the following technical lemma, whose proof will be omitted as it entails only the use of the identity ∑ n i=0 r i = (r n+1 − 1)/(r − 1) and equation (3.6) .
Lemma 3.5. If {a n } is the sequence defined in Lemma 3.2, then, for
and
In what follows, we shall apply Lemma 3.5 to show that equation (3.15) can be reduced to a linear combination of the exponential terms involved in equations (3.1) and (3.6) . By adding this resulting expression to the total number of unfolded walks, this will then lead to the desired closed-form expression for W n . Theorem 3.6. For an integer n ≥ 3, the total number of SAWs restricted to the half-finite lattice strip {0, 1, . . . , n}×{0, 1, 2} , including the empty walk, is given by
Proof. In the ensuing argument, we shall make repeated use of the following identity, which is demonstrated here for completeness:
Starting with the initial double summation of equation (3.15), after substituting the first closed-form expression of Lemma 3.5, one finds that the term corresponding to the index i = 0 is (3.17)
However, upon expanding and summing over the indices i = 1, . . . , n−1, using equations (3.1) and (3.16) further yields the following four terms:
(39 + 11 √ 13) 26
) , (39 + 11 √ 13) 26
) ,
where the constants on the right hand side are given by
while applying equation (3.5) also yields that
(26 + 7 √ 13) 39
Now, a long but straightforward calculation reveals
, from which it may be concluded that the coefficients of ((3+ √ 13)/2) 
For the second double summation of equation (3.15), after substituting the second closed-form expression of Lemma 3.5, it may similarly be found that the term corresponding to the index i = 1 is:
However, upon expanding and summing over the indices i = 2, . . . , n− 1, and noting that
further yields, again using equations (3.1) and (3.16), the following four terms (39 + 11 √ 13) 26
where the constants on the right hand side are given by 
, from which it may be concluded that the coefficients of ((3 + √ 13)/2) n−2 and (1 + √ 2) n−2 must be equal to the conjugate surd of the coefficients of ((3 − √ 13)/2) n−2 and (1 − √ 2) n−2 , respectively, within the closedform evaluation of the double summation. Denoting the coefficients of ((3 + √ 13)/2) n−2 and (1+ √ 2) n−2 by C and D, respectively, we deduce from equation ( In order to determine the required formula for W n , we first add equations (3.5), (3.19) and (3.22), noting here that the coefficients of ((3 + √ 3)/2) n and (1 + √ 2) n must be equal to the conjugate surd of the coefficients of ((3 − √ 3)/2) n and (1 − √ 2) n , respectively, in the resulting closed-form expression. A straightforward calculation reveals that the coefficients of ((3 + √ 3)/2) n and ( Hence, we finally deduce, since W n ∈ N, that, for n ≥ 3,
4. An open problem. It is known that the number of column states c D needed to construct an unfolded walk in the half-finite lattice strip {0, 1, . . . , n} × {0, 1, . . . , D} of width D forms the terms of the sequence A002026 in [7] . Moreover, a closed-form expression for c D is known [1, page 6], from which the terms can be seen to exhibit polynomial growth in the parameter D. In view of this, could the arguments of Section 3 be generalized to construct a closed form expression for W n , in the case of a half-finite lattice strip of width D ≥ 3?
